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Pecularities of Bethe-like approximations and long-range-interaction Ising models
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The mean-field approximation and the Bethe approximation are two of the most often used approximations
when one wants to obtain approximations of the phase diagrams and the critical temperature of lattice spin
systems. Both can and have often been generalized to produce what are known as cluster mean-field and Bethe
approximations. Generally, three characteristics are associated with these approximations. First, they give
upper bounds to the critical temperature; second, considering larger clusters will result in better approxima-
tions; and third, the Bethe approximation is better than the corresponding mean-field approximation. We show
what we believe to be a rather surprising result that, for one-dimensional Ising models with algebraically
decaying interactions falling off slowly enough, the Bethe cluster approximations violate all three of these
characteristics.
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Very few of the many models in the statistical mechanicssystems has been greatly expanded and rather than just the
of phase transitions and critical phenomena have been solveaxditical temperature, which occurs when the external mag-
exactly. Hence significant effort has gone into the developnetic field is zero, being an upper bound, the magnetization
ment of approximation methods. Among the first of thesefor all non-negative magnetic fields has been shown to be an
was the Weiss theory of ferromagneti§ir or the equivalent upper bound by Pear¢é]. Vigfusson[7] extended the proof
theory of Bragg and William§2] regarding the arrangement of the magnetization being an upper bound to the general
of atoms in an alloy. These theories are now generally deeluster mean-field approximation under rather general condi-
noted as mean-field approximations. As an improvement ofions and for a large class of lattice spin systems. We know
these approximations—in particular, the Bragg-Williamsof no rigorous proofs of characterist; but at the same time
approximation—Bethe[3] presented an approximation know of no exceptions to it, and believe it to be a strongly
which more correctly took local fluctuations into account. held belief.

This approximation is now generally known as the Bethe We now focus our attention on the Bethe approximation

approximation. These approximations fall into a class of apand its generalizations that we denote as Bethe-type approxi-
proximations known as closed form approximations andmations. Since the original paper by Bethe, there have been
have been reviewed by Burl¢g] when used to approximate several alternative ways to present the Bethe approximation
lattice spin systems, which will be considered here. besides the approach given in the original paper. One of

The particular class of lattice spin systems consideredhese involves a Cayley tree and consideration of the behav-
here will consist of Ising model systems with pair interac-ior of the spins deep inside the tree. If the tree has a branch-
tions. The basic mean-field approximation for such systeming ratio ofz— 1, then the behavior of these spins is equiva-
can be characterized in the following manner. A site is selent to that predicted by the original Bethe approximation for
lected, and the interactions of the Ising spin on this site witha system withz nearest-neighbor spins. See Ré&f for de-
other spins in the system are each replaced with the meatails. An even simpler approach, and one that is more like the
field interactions involving the mean-field magnetizatiron  cluster mean-field approach, consists of considering a central
Then a self-consistency condition, requiring that the thermaspin and itsz nearest neighbors forming a cluster of 1
average of the spin being considered equals the mean-fiekpins. One replaces the nearest-neighbor interactions that the
magnetizationm, is applied. This condition establishes a zspins on the perimeter of the cluster have with spins outside
critical temperature. To generalize this approximation, ondhe cluster with mean-field interactions and then requires that
can, rather than fixing attention on a single site, treat a clusthe thermal average of the central spin equals that of one of
ter of sites where interactions between a pair of spins insidéhe perimeter spins. In this way, one obtains the results of the
the cluster are unchanged and only interactions between Bethe approximatiori9]. It is this latter approach that we
spin inside the cluster and the one outside the cluster amill use, since it is the most easily generalized and, as pre-
replaced with a mean-field interaction. Two characteristics ofiously stated, most like the cluster mean-field approach.
this type of approximation are the following) the critical ~When clusters other than a single site an¢zitgearest neigh-
temperature obtained is greater than the actual critical tenbors are considered, but the condition that the thermal aver-
perature andii) as the cluster size is increased the accuracyge of the central spin of the cluster equal the thermal aver-
of the estimate of the critical temperature increases. We deage of one of its nearest neighbors is still required, we will
note these characteristics as characterigtiesd B, respec- refer to the approximation as a Bethe-type approximation.
tively. CharacteristicA is a rigorously proven characteristic Bethe-type approximations are generally assumed to have
of this approximation. It was first proven by Griffith§] for ~ the same two characteristics described above for the mean-
a certain class of lattice spin systems and the mean-fielfield approximations. Indeed, the very recent calculations by
approximation when one uses a single site. This class dBehringer, Pleimling, and Hier [10]
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involving systems of clusters for various two-dimensionalspecific example of the calculations performed, we consider
and three-dimensional Ising and Potts models have thesbe smallest cluster, i.e., the three-site cluster. As described
characteristics. For Ising spin systems having only nearestbove, the interactions between spins in the cluster are re-
neighbor pair interactions, Krinskiyl1] has proven that the tained and only interactions between a spin inside the cluster
magnetization given by the Bethe approximation, i.e., takingvith a spin outside the cluster are replaced. Hence, the
the cluster as a single site and #siearest neighbors, is an Hamiltonian for the three-site cluster is
upper bound for the magnetization of the original system
again for non-negative external magnetic fields. J - J

There is a third characteristic which we believe to be H:_J[Slsﬁszss]_ﬁslss_;l {W
widely held and it is that the Bethe-type approximation is an -

improvement of the corresponding mean-field approxima- * J
tion; by “corresponding” we mean when considering equal + [s;+s3]m—2> s,m,
. . . . 1+o 1+o
size clusters and only the consistency regirements being the (d+2) d=1 (d+1)
difference between the two approximations. Hereafter, we )

refer to this characteristic as characteri€icDiscussions of
this can be found in the paper of Gujrfti2] and is stressed wheres,, s,, ands; are the three Ising spins of the cluster;
in Ref.[10] as well. To our knowledge, no exceptions havethe first term in the Hamiltonian has the nearest-neighbor
been shown to exist regarding characteri§tic interactions present, the second term has the one next-
Besides the innate desire to be able to have an understangearest-neighbor interaction, the third term contains all the
ing of the characteristics that one has when dealing with amean-field interactions replacing interactions whihand
approximation as fundamental as the Bethe-type approximas; have with spins outside the cluster, and the fourth and
tion, we point out that the behavior of these series approxifinal term contains all mean-field interactions replacing inter-
mations is critical when dealing with methods such as theactions whichs, has with spins outside the cluster. Finafly,
coherent anomaly method of SuzyKki3] or the molecular s the mean magnetization of a site outside the cluster. Using
field finite-size scaling recently presented by Behringer, Plethe above one can calculate the thermal averagg,af,, or
imling, and Huler [10] where one hopes to extract very ac- s,. Then in the mean-field approximation one requires the
curate estimates of the critical temperature and critical expothermal average o, to be equal tan and in the Bethe-type
nents of the systems by using a sequence of clustefpproximation one requires the thermal averags,do be
approximations and various extrapolation methods. This igqual to the thermal average of one of its nearest neighbors
particularly stressed in Reff13]. in this case, eithes, or sz, the two are by symmetry equiva-
We show in the following that all three characteristics lent. For larger clusters one could in the Bethe-type approxi-
presented above are not met by the Bethe-like approximamation choose to take the central site and require its thermal
tions when dealing with a system that has been studied igverage to equal the thermal average of some site other than
great detail over the past three decades, namely, the ongne of the nearest-neighbor sites of the central site, but we
dimensional Ising model with algebraically decaying interac-have not done so in this paper.
tions if the strength of the interaction falls off sufficiently |y all the cases, we have usBATHEMATICA to generate
slowly. In particular, we consider a one-dimensional latticethe appropriate expressions for the magnetizations of the ap-
of sites, where on théth site we have a spin variab®  propriate sites and numerically determined the critical tem-

==1. The Hamiltonian of the system is perature as described above. All calculations have been done
3 on a personal computer. USIMRTHEMATICA one can obtain
the critical temperature approximation based on a specific
H=—2 ——=SiS), 1) P °p P

cluster to arbitrary accuracy. For the casesef 0.1 one has
for a three-site cluster, using the mean-field approach, a
where |i—j| represents the distance between sitedj  value of 21.078195%... for T.. We use the three-site
with the distance between adjacent sites set equal to 1. Forcuster because we want to compare this value with the cor-
thorough review of what has been established for this set afesponding Bethe-like approximation, and the smallest clus-
Ising systems, see Refgl4,15. One of the main proven ter for this is a three-site cluster. Using the Bethe-type ap-
results for this system is that wher<&r<1 the system has proximation one obtains 19.697 562 4. .. Luijten and
been shown to have a phase transition. In particular, one h&lote [14], using a sophisticated Monte Carlo approach
a line of phase transitions at=0 for all T<T., whereT,  along with finite-size scaling, obtained fdr, a value of
(the Curie pointis a critical end point. Much effort has gone 21.0009% 0.000 26. The present authpt6] obtained the
into determining the value of; using a large variety of almost identical result, specificallj,=21.00097, using a
techniques, see Ref14]. combination of cluster mean-field approximations and the
Here, we use the mean-field and the Bethe-type clustevanden Broeck and Schwartz extrapolation procedure.
approximations described above to determine and our Hence, one can see immediately that for this case, d@:e.,
interest is in determining characteristics of the Bethe-type=0.1, characteristicé\ and C do not apply to the Bethe
approximations as described above. We will present approxiapproximation. Here, the Bethe approximation is below the
mations forT. based on the use of various clusters, theactual T, and the Bethe approximation gives a poorer and
smallest having only 3 sites and the largest 25 sites. As aot a better estimate df,. Of course, this holds for a range

an li—jltte
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TABLE |. Critical temperature estimates. The first estimates being the three-site Bethe approximation
values, the second Monte Carlo and finite-size scaling from Rifs17,18, and the third estimates using the
coherent anomaly methd@€AM) results given in Ref{19].

o=0.1 o=0.2 o=0.3 =04 o=0.5
Bethe 19.693 ... 9.73® . .. 6.43% ... 4,804 . .. 3.838 ...
Monte Carlo 21.00099 10.84229 7.3470 5.5203 4.3638

+0.00026 +0.00026 +0.0001 +0.0001 +0.0001

CAM results[19] 10.791 10.791 7.298 5.492 4.363

0=0.6 o=0.7 0=0.8 o=0.9 o=1
Bethe 3.199... 27438 ... 2.403... 2.149D. .. 1.944 . ..
Monte Carlo 3.540 2.926 2.431 2.002 1.5257

+0.006 +0.006 +0.004 +0.002
CAM results[19] 3.577 2.987 2.517 2.116 1.750

of o values not jus=0.1. However forc=1.0, the Bethe proximations. In particular, the results of Behringer, Pleim-

approximation gives as an estimate of 1.94@37. forT., ling, Huller [10], as well as Suzuk{20] show that for
while the corresponding mean-field approximation givesnearest-neighbor models and Bethe-type approximations, as
2.79784 . ...Both are greater than the actual valueTgf ~ the cluster increases in size, the estimates increase in accu-

which has been estimated using a wide variety of methodgacy. This is true as well for many values @fin the interval
with a rather large spread of values, but most recently hag0,1], but by no means for all values. If it were true, we
been estimated to be 1.5266.001[17]. Thus, here both could have determined for which the Bethe-like approxi-
characteristic\ and C hold. mation is exact, and that approximation would have to be
Since for low values ofs in the interval (0,1 for the independent of the size of the system being exact for all
three-site cluster, the Bethe-type approximation gives esticlusters.
mates below the actual value and at the upper end of the One finds, for the lower values of in the interval (0,1,
interval it gives estimates which are too large; at some pointhe estimates ofl; increase as the cluster size increases,
in the interval it must be exact. Unfortunately, we have beerhence converging monotonically toward the exact value. Ac-
unable to analytically determine that point. Numerically, onetually, we have no general proof of this, but see it to be the
can by comparing the Bethe approximation with estimates bgase for the cluster sizes which we are able to investigate.
other means, as done in Table I, see that this occurs in thEhese involve clusters involving as many as 25 sites. The
interval 0.8<0<0.9. estimates for various cluster sizes o+ 0.1 are presented in
We now discuss characteris@& In doing so, we investi- Table Il. Foro values at the high end of the interval (7,1
gate the behavior of the estimates of the critical temperaturene finds that with increasing cluster sizes the estimates for
as the size of the clusters is varied. We know of no previ-T. increase in accuracy, although now converging monotoni-
ously discussed situation where using the mean-field clusterally from above rather than below which occurs for snaall
approximation, considering larger clusters, does not improvealues. As an example of this, the estimates for various clus-
the estimate. The same is true of the cluster Bethe-like aper sizes foro=0.9 are presented in Table II.

TABLE Il. Critical temperature approximations for clusters from 3 to 25 sites for a variety \@dlues,
all based on the Bethe-type approximation scheme.

Number of cluster sites o=0.1 o=0.7 o=0.77 c=0.8 0=0.9
3 19.695. .. 2.742® . .. 2.4984 . .. 24073 ... 2149 . ..
5 20.195% . .. 27729 . .. 2.5032 . .. 2.403@. .. 2.116% . ..
7 20.40% ... 2.7878 . .. 2.503® . .. 2.397D. .. 2.092&% . ..
9 20.524 . .. 2.7972 . .. 2.504@ . .. 2.3933. .. 2.0764 . ..

11 20.606 . .. 2.806D . .. 2.5048 . .. 2.391C7 . .. 2.064% . ..
13 20.654 . .. 2.8130@ ... 2.5052. .. 2.389% ... 2.055% . ..
15 20.698 . . . 2.8183 . .. 2.5074 ... 2.389@. .. 2.0484 . ..
17 20.72& . .. 2.8244 . .. 2.5084 . .. 2.38861 . .. 2.042¢ . ..
19 20.758 . .. 2.82848 . .. 2.509@ . . . 2.3882 ... 2.03738 ...
21 20.774 . .. 2.83246 . .. 2.5102. .. 2.388% ... 2.033% ...
23 20.797 . .. 2.836Q@ ... 25128 . .. 2.388%4 . .. 2.030% ...
25 20.806 . .. 2.8392 . .. 251338 . .. 2.388%B . .. 20276 . ..
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It is, in general, the region of=0.7 to 0=0.85 where mates decrease in value as the cluster size is increased until
increasing cluster sizes does not result in necessarily morene reaches the 19-site cluster and then beyond that the es-
accurate estimates fdr, . Results forc=0.7, c=0.77, and timates increase in value again at least for clusters having as
0=0.8 are given in Table Il where one finds the estimatesmany as 25 sites.
for T, increasing and decreasing as the cluster size is in- The above shows that the three commonly held character-
creased. In particular, we examine the case wher€).77  stics discussed above and denoted as characteristigs
and observe what happens when one goes from the five-sitghd C are found not to hold for Bethe-type approximations
cluster estimate of ;.=2.503 & . . . to theseven-site cluster of various algebraically decaying, long-range, ferromagnetic,
estimate where the estimate dropsTte=2.503@® ... ;then  pair interaction Ising models. This is, to the best of our
if the actualT, is greater than the average of the estimatesknowledge, the first time this has been shown, to be the case,
based on the five- and seven-site clusters, i€, and is of interest not only because of the fact that Bethe-like
=2.5035..., then when one goes from the five- to the approximations are used so often and one would wish to
seven-site estimate one decreases the accuracy of the estily understand their characteristics but also because the
mate. However, when one goes from the seven- to the ninesjuster type generalizations can and have been used in vari-
site estimate o .=2.504 @ . . ., anincrease in the value, if ous extrapolation methods to get accurate estimates of the
T, is less than the average of the two estimates, i.e., less thamitical temperature and critical exponents.
2.503%...,then one has a less accurate estimate given by Ideally, we would like to be able to present some very
the nine-site cluster than the seven-site cluster. Sipaaust  specific criteria for when the characteristics generally met by
be greater than 2.50%7 .. orless than 2.5038. .., one Bethe-type approximations are valid and when they are not.
of the transitions from the five- to the seven-site estimates odnfortunately, at present, we are unable to do so. Generally,
from the seven- to the nine-site estimates is such that we glooth the mean-field and Bethe-type approximations neglect
from a better to a poorer approximation despite increasinglucuations which work against having a phase transition,
the size of the system, and the generally correct characteristand because of this give estimates for the critical temperature
B is not correct in this case. which are too high. Ordinarily considering larger clusters

The general behavior of the approximations in the regiormeans that these fluctuations are more properly treated and a
of ¢=0.7 to 0=0.85 is quite varied. In the case ef lower and hence better estimate g is obtained. In the
=0.77, as one increases the cluster size, Theestimates case of very long-range interactions being present, these
increase in value from the three- to the five-site cluster, thefluctuations are not as dominant, due specifically to the long-
decrease from the five- to the seven-site cluster, increasange nature of the interaction, and the above shows that the
from the seven- to the nine-site cluster, and thereafter inBethe-type approximation overestimates rather than underes-
crease for all clusters up to the largest cluster of 25 siteimates the effect of the fluctuations, thereby producing too
investigated here. However for the caseocf 0.8, the esti- low an estimate of ...
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